1. Introduction {#SEC1}
===============

1.1. Literature review {#SEC1.1}
----------------------
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}{}$\gamma$\end{document}$ can be infinity, [@B55] proposed a corrected likelihood ratio test using only nonzero sample eigenvalues. [@B54] introduced a test that uses unbiased estimators of the traces of powers of the covariance matrix. [@B10] showed that the test of [@B14] uniformly dominates the corrected likelihood ratio tests of [@B2] and [@B27]; the three test statistics are asymptotically normal. [@B61] modified the test of [@B29] and showed that the null limiting distribution of the test statistic is Gumbel.

Most of the aforementioned tests are valid only under normality. For non-Gaussian data, testing $\documentclass[12pt]{minimal}
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}{}$d/n$\end{document}$ can diverge or converge to any nonnegative value. Our main focus is on nonparametric rank-based tests and their optimality. We consider two families of rank-based test statistics, which include Spearman's rho ([@B53]) and Kendall's tau ([@B33]), and prove that under the null hypothesis they converge weakly to Gumbel distributions. We also perform power analysis and establish optimality of the proposed tests against sparse alternatives, explicitly defined in § [4](#SEC4){ref-type="sec"}. In particular, we show that the tests based on Spearman's rho and Kendall's tau are rate-optimal against sparse alternatives.

1.2. Other related work {#SEC1.2}
-----------------------
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A notable alternative to Pearson's correlation coefficient is Spearman's rho. [@B61] established the limiting distribution of the largest off-diagonal entry of the Spearman's rho correlation matrix, but did not provide a power analysis of the corresponding test. This paper includes the result of [@B61] as a special case.

Many researchers have considered testing independence based on kernel methods ([@B20]; [@B18]; [@B46]; [@B48]). They have focused on kernel dependence measures, the Hilbert--Schmidt norm of the cross-covariance operator ([@B20]), or the normalized cross-covariance operator ([@B18]). Using these dependence measures, early works concerned testing independence between two random variables ([@B20]; [@B18]) that might live in arbitrary sample spaces. Recently, [@B48] generalized the proposal in [@B18] and developed a copula-based kernel dependence measure for testing mutual independence. [@B46] offer an alternative kernel-based test using the maximum mean discrepancy ([@B9]) between the empirical copula and the joint distribution of $\documentclass[12pt]{minimal}
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2. Testing procedures {#SEC2}
=====================

2.1. Two families of tests {#SEC2.1}
--------------------------
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We propose two families of nonparametric tests based on the relative ranks. The first family includes tests based on simple linear rank statistics of the form $$\documentclass[12pt]{minimal}
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V_{jk}\equiv\sum_{i=1}^n c_{ni}g\{R_{ni}^{jk}/(n+1)\} \quad (j\ne k \in \{1,\ldots,d\}),
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\begin{align}\label{eq:mvinh0}
{E}_{H_0} (V_{jk}) = \bar g_n \sum_{i=1}^n c_{ni},\quad {\rm var}_{H_0} (V_{jk})=\frac{1}{n-1}\sum_{i=1}^n \bigl[g\{i/(n+1)\}-\bar g_n\bigr]^2 \sum_{i=1}^n (c_{ni}-\bar c_n)^2,
\end{align}
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\begin{align}\label{eq:Ln}
L_n \equiv \max_{j < k}\: \bigl|V_{jk}-{E}_{ H_0} (V_{jk})\bigr|\text{.}
\end{align}
\end{document}$$

As with simple linear rank statistics, the expectation and variance of the rank-type $\documentclass[12pt]{minimal}
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\begin{align}\label{eq:tLn}
\tilde L_n \equiv \max_{j < k} \:\bigl|U_{jk}-{E}_{H_0} (U_{jk})\bigr|\text{.}
\end{align}
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Detailed studies of the null limiting distributions of $\documentclass[12pt]{minimal}
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\begin{align}\label{eq:sigma}
\sigma_V^2 \equiv n\,{{\rm var}}_{H_0} (V_{jk}), \quad \sigma_U^2 \equiv n\,{{\rm var}}_{ H_0} (U_{jk})\text{.}
\end{align}
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Alternatively, we can simulate the exact distribution of the studied statistic and choose $\documentclass[12pt]{minimal}
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2.2. Examples {#SEC2.2}
-------------

In this subsection, we present four distribution-free tests of independence that belong to the two general families defined in § [2.1](#SEC2.1){ref-type="sec"}.
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\begin{align*}
\rho_{jk} &= \frac{\sum_{i=1}^n (Q_{ni}^j-\bar Q_n^j)(Q_{ni}^k-\bar Q_n^k)}{ \bigl\{ \sum_{i=1}^n (Q_{ni}^j-\bar Q_n^j)^2 \sum_{i=1}^n (Q_{ni}^k-\bar Q_n^k)^2 \bigr\}^{1/2} } \notag \\
& =\frac{12}{n(n^2-1)}\sum_{i=1}^n \left(i-\frac{n+1}{2}\right)\!\left(R_{ni}^{jk}-\frac{n+1}{2}\right) \quad (j\ne k \in \{1,\ldots,d\}),
\end{align*}
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\end{document}$$

According to ([8](#asx050M8){ref-type="disp-formula"}), the corresponding test statistic is $$\documentclass[12pt]{minimal}
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{T}^{\rho}_{\alpha} = I\!\left\{(n-1)\max_{j<k} \rho_{jk}^2 - 4\log d+\log\log d \geq q_{\alpha}\right\}\!\text{.}
\]
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{E}_{ H_0} (\tau_{jk})=0, \quad {{\rm var}}_{H_0} (\tau_{jk}) = \frac{2(2n+5)}{9n(n-1)} \quad (j\ne k \in \{1,\ldots,d\})\text{.}
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According to ([8](#asx050M8){ref-type="disp-formula"}), the proposed test statistic based on Kendall's tau is $$\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}
\[
{T}^{\tau}_{\alpha} = I\!\left\{\frac{9n(n-1)}{2(2n+5)}\max_{j<k} \tau_{jk}^2 - 4\log d+\log\log d \geq q_{\alpha}\right\}\text{.}
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(A major part of Spearman's rho). Although Spearman's rho is not a $\documentclass[12pt]{minimal}
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\begin{align*}
\rho_{jk}=\frac{n-2}{n+1} \,\hat\rho_{jk} + \frac{3\tau_{jk}}{n+1},
\end{align*}
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{E}_{ H_0}(\hat\rho_{jk})=0, \quad {{\rm var}}_{H_0} (\hat\rho_{jk})=\frac{n^2-3}{n(n-1)(n-2)} \quad (j\ne k \in \{1,\ldots,d\})\text{.}
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As in ([8](#asx050M8){ref-type="disp-formula"}), the test based on $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\{\hat\rho_{jk}, 1\leq j < k \leq d\}$\end{document}$ is $$\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}
\[
{T}^{\hat\rho}_{\alpha} = I\!\left\{\frac{n(n-1)(n-2)}{n^2-3}\,\max_{j<k} \hat\rho_{jk}^2 - 4\log d+\log\log d \geq q_{\alpha}\right\}\text{.}
\]
\end{document}$$

(Projection of Kendall's tau to simple linear rank statistics). Kendall's tau does not belong to the family of simple linear rank statistics. However, by the projection argument in [@B21], $\documentclass[12pt]{minimal}
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We have considered two families of test statistics: a family of simple linear rank statistics and a family of rank-type $\documentclass[12pt]{minimal}
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3. Limiting null distributions {#SEC3}
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4. Power analysis and optimality properties {#SEC4}
===========================================

4.1. Sparse alternatives {#SEC4.1}
------------------------
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4.2. Power analysis {#SEC4.2}
-------------------

The following theorem characterizes the conditions under which the power of $\documentclass[12pt]{minimal}
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4.3. Optimality {#SEC4.3}
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In the [Supplementary Material](#sup1){ref-type="supplementary-material"} we give the detailed proof of Theorem 5. It begins with the observation that the family of alternative distributions $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$H_{\rm a}^{R}(c_0)$\end{document}$ includes some Gaussian distributions as a subset, since one can construct a Gaussian distribution given any $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}${R} \in {\mathcal{U}}(c_0)$\end{document}$. Therefore, the supremum over $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}${ H_{\rm a}^{R}(c_0)}$\end{document}$ is no smaller than the supremum over the Gaussian subset. The rest of the proof follows from the general framework in [@B7]. In particular, the proof technique is relevant to the argument used in deriving the lower bound in two-sample covariance tests ([@B10]).
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As an example, the next corollary justifies the test statistics in Examples 1--4.

*The four test statistics in Examples* 1--4 *are all rate-optimal against the corresponding sparse alternatives.*

Corollary 3 is a direct consequence of Theorem 6 and Lemma C8 in the [Supplementary Material](#sup1){ref-type="supplementary-material"}. Its proof is therefore omitted.

5. Numerical experiments {#SEC5}
========================

5.1. Tests {#SEC5.1}
----------

We compare the performances of our proposed tests and several competitors on various synthetic datasets in both low-dimensional and high-dimensional settings. Additional numerical results are reported in the [Supplementary Material](#sup1){ref-type="supplementary-material"}, which includes comparisons with other tests of $\documentclass[12pt]{minimal}
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We propose a test based on Spearman's rho statistic, outlined in Example 1, using the result in Theorem 1. We also propose a test based on Kendall's tau statistic, outlined in Example 2, using the result in Theorem 2. We use the theoretical rejection threshold $\documentclass[12pt]{minimal}
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\begin{align*}
\left\{ \sum_{j<k} \frac{r_{jk}^2}{1-r_{jk}^2}-\frac{d(d-1)}{2(n-4)}\right\} \left\{ \frac{(n-4)^2(n-6)}{d(d-1)(n-3)} \right\}^{1/2} \geq \Phi^{-1}(1-\alpha ),
\end{align*}
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}{}$\Phi^{-1}(\cdot)$\end{document}$ is the quantile function of the standard Gaussian. The test statistic in [@B41] has guaranteed size control only under normality.

A further two competitors are the kernel-based tests of [@B48] and [@B46]. Briefly, [@B48] propose to calculate the Hilbert--Schmidt norm of the normalized cross-covariance operators after a copula transformation, and [@B46] propose using the estimated maximum mean discrepancy after a copula transformation. In both kernel-based tests, we use the Gaussian kernel with standard deviation being the median distance heuristic as in [@B48] and [@B46]. We use simulation to determine the rejection thresholds for both tests, since the null distribution of $\documentclass[12pt]{minimal}
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}{}$F({X})$\end{document}$ is uniform. Although a theoretical rejection threshold is proposed in [@B46], it becomes too conservative in high dimensions.

In total, we apply six tests in the numerical experiments, namely the Spearman test outlined in Example 1, the Kendall test outlined in Example 2, and the tests of [@B61], [@B41], [@B48] and [@B46]. In the following experiments, we set the nominal significance level to $\documentclass[12pt]{minimal}
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}{}$\alpha=0{\cdot}05$\end{document}$ for all tests.

We also compared the performance of our procedures with that of two more rank-based statistics proposed by [@B42] and [@B36]. Due to space limitations, these additional results are presented in the [Supplementary Material](#sup1){ref-type="supplementary-material"}.

5.2. Synthetic data analysis {#SEC5.2}
----------------------------

We now perform size and power comparisons between the competing tests described in § [5.1](#SEC5.1){ref-type="sec"}. In this simulation, we generate synthetic data from five different types of distribution: the Gaussian distribution, the light-tailed Gaussian copula, the heavy-tailed Gaussian copula, the multivariate $\documentclass[12pt]{minimal}
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}{}$t$\end{document}$ distribution, and the multivariate exponential distribution. To evaluate the sizes of the tests, we generate data from the five types of distribution under the null, where all entries in $\documentclass[12pt]{minimal}
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}{}${R}^* \in \mathbb{R}^{d \times d}$\end{document}$ is a positive-definite matrix whose off-diagonal entries are all zero except for eight randomly chosen entries. Details of the data-generating mechanism are given in the [Supplementary Material](#sup1){ref-type="supplementary-material"}.

In summary, we generate data from ten distributions: one set under the null and one set under the sparse alternative for each of the five types of distribution. For each distribution, we draw $\documentclass[12pt]{minimal}
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}{}$d$\end{document}$ to be 50, 200 or 800. Results from 5000 simulated datasets are shown in [Fig. 1](#F1){ref-type="fig"}.

![Empirical sizes and powers of six tests under five types of distribution averaged over 5000 replicates at the $\documentclass[12pt]{minimal}
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}{}$0{\cdot}05$\end{document}$ nominal significance level, shown by the horizontal dotted line in each panel. The vertical axis represents the proportion of rejected tests in the 5000 replicates. The vertical dotted lines separate six different data-generating schemes, for which $\documentclass[12pt]{minimal}
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Under the Gaussian distribution, most tests can effectively control the size under all combinations of $\documentclass[12pt]{minimal}
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}{}$d$\end{document}$. Our proposed method and that of [@B61] attain higher power than the other competitors. In contrast, the test of [@B41] has relatively low power; this is as expected because, under the sparse alternative, the correlation matrix has only eight nonzero entries. By averaging over all entries in the correlation matrix, the test of [@B41] is less sensitive to the sparse alternative. For similar reasons, the test of [@B46] has low power against the sparse alternative. The test of [@B48] has decreasing power as $\documentclass[12pt]{minimal}
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Under the light-tailed Gaussian copula, the performances of all six tests are similar to their performances under the Gaussian distribution. Notably, our proposed tests achieve higher power than the test of [@B61], especially when the ratio $\documentclass[12pt]{minimal}
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Under the heavy-tailed Gaussian copula, only our proposed tests correctly control the size while attaining high power. The tests of [@B61] and [@B41] have very high power under the alternative, but their sizes are severely inflated under the null. The kernel-based tests of [@B48] and [@B46] correctly control the size but have very low power.
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}{}$t$\end{document}$ distribution, the performances are similar to those under the heavy-tailed Gaussian copula.

Under the multivariate exponential distribution, our proposed tests and the test of [@B48] achieve high power while correctly controlling the size across all settings. The tests of [@B41] and [@B61] fail to control the size in high dimensions. The test of [@B46] has low power compared with the others.

In summary, our proposed tests correctly control the size and achieve high power across all types of distributions regardless of the sample size and dimension. The Kendall test performs slightly better than the Spearman test in terms of power. This is consistent with the observations in [@B59], which show that Kendall's tau is asymptotically more powerful than Spearman's rho in testing independence in terms of having the Bahadur efficiency bounded within $\documentclass[12pt]{minimal}
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}{}$(1,1{\cdot}05]$\end{document}$ under the Gaussian distribution. For the relationship between Spearman's rho and Kendall's tau under different alternatives, we refer to [@B17] for details. The performances of the tests of [@B61] and [@B41] are strongly influenced by the data structure, and these tests cannot effectively control the size under heavy-tailed distributions. This is as expected because the validity of [@B41] test relies heavily on the Gaussian assumption, and the performance of [@B61] test is related to the moments. The kernel-based tests of [@B48] and [@B46] control the size correctly in most cases, but their power suffers in high dimensions, as observed by [@B47].

6. Discussion {#SEC6}
=============
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}{}$h(\cdot)$\end{document}$ in ([3](#asx050M3){ref-type="disp-formula"}) are assumed to be identical across different pairs of entries; this condition can be straightforwardly relaxed, but for clarity of presentation we do not give further details in this direction.

The problem studied in this paper is related to one-sample and two-sample tests of equality of covariance or correlation matrices and to sphericity tests in high dimensions. There exist extensive studies along these lines of research; see, among others, [@B35], [@B14], [@B16], [@B56], [@B15], [@B39], [@B10], [@B60] and [@B23]. For equity and sphericity tests, existing methods mostly focus on Pearson's sample covariance matrix. Corresponding tests are based on statistics characterizing the difference between two-sample covariance matrices under different norms, such as the Frobenius norm or the maximum norm. As an alternative, [@B62] proposed a sphericity test using the multivariate signs; however, the theoretical results in their paper are valid only under the regime where $\documentclass[12pt]{minimal}
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Testing equality of covariance or correlation matrices is challenging since the random variables are not mutually independent. In the [Supplementary Material](#sup1){ref-type="supplementary-material"}, focusing on the one-sample test, we test the bandedness of the latent correlation matrix under the semiparametric Gaussian copula model. We show that the test built on Kendall's tau statistic can asymptotically control the size and is rate-optimal against the sparse alternative. See the [Supplementary Material](#sup1){ref-type="supplementary-material"} for details.
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